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Expressing natural numbers
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Abstract: In the world of addition, the natural numbers look like stepping stones where the
numbers 4 and 5 look very similar. But, in the world of multiplication, each number is a unique
structure built out of primes. This paper looks to express the natural numbers as their unique mul-
tiplicative structures in order to chip away at difficult problems like Goldbach’s conjecture, which
asks about the additive structure of natural numbers in terms of their multiplicative structure. In
the end, I’ll use this idea to create unique structures for the Fibonacci numbers.
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1 Introduction

We would like to find a way to express the natural numbers as structures which remember their
construction from primes in the world of multiplication, in order to chip away at great problems
in number theory, such as Goldbach’s conjecture, which ask about the prime structure of numbers
in the world of addition.

Therefore, we will construct the natural numbers from the basic building blocks which are
prime numbers.

The first number is one, and we will identify it with a single block:
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In this construction, we will allow stacks of unique blocks to create numbers, but we won’t be
allowed to use the 1-block. Thus, for the number 2 we need a new block:

For the number 3, we will also need a new structure since we cannot use the 1-block.

The number 4 can be represented by a stack of height 2 of 2-blocks:

When we reach the number 5 we could create a structure from one 2-block and one 3-block,
but we want to see the primes as unique structures, so let us make a rule that we can only make
stacks of one kind of prime block. Later, we might want to look at other more irregular structures.
For now, using the rule, we need new structure for 5:

To create a structure for the number 6, we have a couple options:
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For the number 7, we do not have any options (following the rule) for creating a structure with
7 blocks, so we need a new 7-block:

To make 8, we can make a stack of height 4 of 2-blocks:

For the number 9, we have one option, following the rule, and that is a stack of height 3 of
3-blocks:

The number 10 can be made from a stack of height 5 of 2-blocks or a stack of height 2 of
5-blocks:
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If we would like to use this idea to study Goldbach’s conjecture, perhaps we will consider
irregular stacks of height 2, such as these alternates for 8 and 10:

2 A function from N to N

Let us consider the following relation from the natural numbers to the natural numbers.

f(x) ={
(x+ 1) · 2 if x is prime
(p∗ + 1)(a+ 1) if x is composite, where p∗ is any prime factor of x and x = p∗a

First, notice that f is not a function since it is not well-defined. Therefore, let us define
f(x) = (p+ 1)(a+ 1) for composite numbers where p is the least prime factor of x and x = pa.
We know that p = 2 for all even composite numbers x, and thus every even composite number
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is sent to a multiple of 3 and every prime number is sent to an even number. Also, for composite
x which are odd, f(x) is even. Thus, f is not onto N since every odd number which is not a
multiple of 3 will not be in the range of f , though we might want to find a variation of f which is
onto.

This function comes from considering the structures created in the intrroduction and counting
the vertices of the resulting structure (which we will not think of as a graph instead of a stack of
blocks).

For any prime p, we identify it with the unique structure which looks like p many blocks
stuck together. To compute f(p) we just need to count the number of vertices of the correspond-
ing graph. For example, for p = 7 we identify it with the following structure

And then look at this as a graph and count the vertices:

If x is composite, we identify it with a structure of blocks with a base of p blocks and a height
of a blocks (where p is the least prime factor of x and x = pa) and can count the vertices of the
induced graph to get the value of f(x). For example, for x = 10, we can identify it with a stack of
height 5 of blocks which each represent the number 2, and then look at this as a graph and count
the vertices:
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Thus, f(10) = (2 + 1) · (5 + 1) = 18.

Question 1: Is f one-to-one?

Case 1: Let x and y be even numbers with x 6= y.

In this case, f(x) = (2 + 1)(a + 1) = 3a + 3 and f(y) = (2 + 1)(b + 1) = 3b + 3 where a

and b must be different, and thus f is one-to-one in sending even numbers to multiples of 3.

Case 2: Let x and y both be prime numbers with x 6= y.

In this case, f(x) = (x+ 1) · 2 and f(y) = (y + 1) · 2, and so f sends unique prime numbers
to unique even numbers.

Case 3: Let x and y both be odd composite numbers with x 6= y.

In this case, f(x) = (p1 +1)(a1 +1) and f(y) = (p2 +1)(a2 +1) where p1 and p2 are prime,
and either p1 6= p2, a1 6= a2, or both.

Suppose f(x) = f(y), then

p1a1 + a1 + p1 + 1 = p2a2 + a2 + p2 + 1(+)

If p1 = p2, then (+) becomes

a1(p1 + 1) = a2(p1 + 1)

⇒ a1 = a2.

This shows that for x 6= y with the same least prime factor, f(x) 6= f(y).
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If a1 = a2, then (+) becomes

p1(a1 + 1) = p2(a1 + 1)

⇒ p1 = p2

This shows that for x 6= y in N which differ in their prime factor decomposition only by their
least prime factor will be sent to different even numbers.

However, it might be possible that (unknown to me)

p1a1 + a1 + p1 = p2a2 + a2 + p2

for p1 6= p2 and a1 6= a2.
Thus, this case shows that f might not send pairs of unique odd composite numbers to pairs

of unique even numbers.

Case 4: Let x be odd composite and y be a prime number. Is it possible that f(x) = f(y)?

In this case, f(x) = (p + 1)(a + 1) and f(y) = (y + 1) · 2, where p is the least prime factor
of x and x = pa.

If f(x) = f(y), then

pa+ p+ a+ 1 = 2y + 2.

And this could happen, for example if x = 9 and y = 7.

Case 5: Let x be even composite and y be prime. Is it possible that f(x) = f(y)?

In this case, f(x) = (p+ 1)(a+ 1) and f(y) = (y + 1) · 2, where p = 2 and x = pa.

If f(x) = f(y), then

3a+ 3 = 2y + 2.

This can happen, for example if a = 3 and y = 5.

Thus, we can see that f is not one-to-one, in fact it is a bit of a mess. However, we may be
able to modify f so that it is one-to-one. For example, we might want to consider the ”irregular”
graph representations of a natural number to define f . That is, for the composite numbers, we
instead use a stack of height 2 of 2 prime structures, if such a structure exists for a given number.
For example, we could identify the number 8 with its irregular stack, in which case f(8) = 16

(which might spread out the even numbers more in the image of f but even this will not make it
one-to-one it seems, if this is desired).

7



3 A function from Fib(N) to N

In this section, we construct a function f : Fib(N) → N, where Fib(N) is the set of Fibonacci
numbers: {1, 2, 3, 5, 8, 13, . . . }, using the idea of identifying numbers with unique structures via
blocks using the Fibonacci rule to make new structures.

Here are the images of the first few numbers via this map. The output of the function will
be the number of the vertices of the graph of the structure. Notice that we have a lot of options
for how to combine output structures as new output structures. I have opted to create new output
structures by arranging them in a symmetric pattern.
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Question: Can we continue in this way to create symmetric patterns?
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