
TRAVELING SAFELY IN THE MULTIVERSE FOR SUPERCOMPACTNESS
Notes for Second Exam

by Erin Kathryn Carmody

Abstract: This presentation gives a detailed account of the Laver preparation for
making supercompactness indestructible. After passagering on this surebuilt mode of
traversing universes, one can be sure that supercompact cardinals remain supercom-
pact after < κ-directed closed forcing. Next, we explore the Lottery preparation, a
groundbreaking, sleek, new way to make supercompactness indestructible designed by
Hamkins. This presentation compares these two crafts, and describes the added features
of the newer mode of travel. We finish with a warning to travelers about supercom-
pactness by showing that supercompactness is destroyed when one travels to a universe
which grows slim Kerupa trees.

Travelers of the set-theoretic multiverse know that it is often necessary to balance two desires
simultaneously: the longing for change and the need for familiarity. For example, a traveler might
want to simultaneously add a Cohen subset to a supercompact cardinal κ but not destroy the
supercompactness of κ. [give a few more examples, just use some of Joel’s examples of < κ-directed
closed forcing].

To better draw out the delicacy of traversing the multiverse, consider the following analogy. In
universe U , boy and girl meet. They find qualities in each other that they like very much. Both
have the desire to travel and see something new, but they want to be sure that in whatever new
universe they travel to, they will be able to find and recognize each other and still encounter all
the qualities they loved in the universe where they first met. Of course, they will be different in
a new universe, but they desire some features to stay the same. So, they make a plan. They will
travel the multiverse far and wide, but only to those universes where they can find each other. To
ensure this, they work with a skilled travel agent and only book tickets on transportation which
goes to these types of universes.

In 1978, a space craft was carefully engineered to fulfill both desires for supercompactness.
The Laver preparation is a now classic mode of travel which safely carries travelers from any
universe to one where supercompactness is indestructible by < κ-directed closed forcing. That is,
once one takes the Laver craft, she can then take any < κ-directed closed craft and be sure that
supercompactness is preserved. The Laver craft was carefully engineered using the Laver function,
a technical bookkeeping device which allowed for the careful construction of this ship.

Then, 20 years later a new technology was developed to ensure safe travel for supercompactness.
The Hamkins voyager is a powerful, deep-space rocket which was created by an ingenious method
called the Lottery preparation. The Hamkins voyager has all the features of the Laver craft and
much more. This mode of travel provides set-theorists with a new way to fulfill their desires
for change and consistency. The Hamkins voyager was developed without a bookkeeping device.
Instead, a revolutionary method of allowing generic filters to do all the work and ensure safe travel
for supercompactness and many other large cardinals.

Let us begin by seeing how the Laver craft was created by making use of a very flexible function
which boldly surveys all the universes one might travel to by < κ-directed closed forcing to be sure
that supercompactness will be preserved in those lands, after traveling on the Laver craft.
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Definition (see [Ham12]) If κ is a supercompact cardinal, a function l
...κ→ Vκ is a Laver function

if for any x and any θ such that x ∈ Hθ+ , there is a θ-supercompactness embedding j : V → M
with j(l)(κ) = x.

The existence of a Laver function was proved by Laver, and the proof uses transfinite recursion
as follows (see [Ham12]). Suppose γ is a cardinal less than κ and the proposed Laver function l has
been defined for every λ < γ. What, then should l(γ) be? Suppose there is a λ and some x ∈ Hλ+

such that there is no λ-supercompactness embedding h with critical point γ such that h(l)(γ) = x.
Choose the least of such λ and let l(γ) = x for any such x for this λ. If there is no such λ and x
like this, then l(γ) is undefined. Note that the least λ which would provide a value for l(γ) is below

κ, since any such λ above κ will be reflected below κ. Thus l
...κ→ Vκ.

Is l defined about a Laver function? Suppose not. Suppose l has missed some x ∈ Hθ+ for
minimal θ. Let j : V →M be any 2θ

<κ
-supercompactness embedding, so that M can see sequences

as long as 2θ
<κ

and, of course, V can see forever. Since elements of a normal fine measures on Pκθ
are essentially sequences of length 2θ

<κ
, M and V have the same θ-supercompactness measures.

Also, M and V have the same functions from Pκθ to Vκ (why not say functions from κ to Vκ here?),
and so both see that x is missed by l and that θ is least such that this has happened. Consider
j(l), a function with domain j(κ). Since l = j(l)�κ, by the construction of l and elementarity of j,
and the minimality of θ, j(l)(κ) = y for some y ∈ Hθ+ which is not anticipated by l with respect
to any θ-supercompactness embedding.

Let j0 : V →M0 be the factor embedding induced by the seed j”θ, where M0 is the Mostowski
collapse of the seed hull X of j”θ. That is, X is {j(f)(j”θ)|f : Pκθ → V }, j0 = π ◦ j where π is the
Mostowski collapse of X. By elementary seed theory, π”(j”θ) = j0”θ is the seed generating all of j0
and is thus a θ-supercompactness embedding. Since y ∈ X, θ ⊆ X, and y ∈ Hθ+ , it follows that y is
fixed by the collapse, and consequently y ∈ M0 and π(y) = y [Note: you need to fully understand
this last sentence before the exam and explain in your own words – as it is it is a direct quote
from Joel’s book.] Thus j0(l)(κ) = π ◦ j(l)(κ) = π(y) = y. So, y is anticipated by l through the
θ-supercompactness embedding j0. This embedding is also in M and so M computes j0(l)(κ) = y,
contradicting that y was supposed to not be anticipated by l through any θ-supercompactness
embedding in M . �

Our hope, as travelers of the set-theoretic multiverse, is to ride on the Laver craft from universe
U to universe V and then transfer at V to whichever < κ-directed closed shuttle we want and
travel to final destination W and see upon arrival that supercompactness has been preserved.
Supercompact cardinals κ are characterized by ultrapower embeddings, so we need to show that
every λ-supercompactness with critical point κ lifts to an ultrapower embedding in the destination
universe, which will be a λ-supercompactness embedding by elementary seed theory. In order to
do this, we will employ the Lifting and Diagonalization criterions (see [Ham12]).

The Laver craft is really a notion of forcing defined in the paragraph to follow. It is created by
putting to use the ubiquitous nature of the Laver function. The Laver function acts as a pioneer -
exploring the lands one can reach via < κ-directed closed forcing, and so ensures the presence of
supercompactness embeddings there. In doing so, the Laver function fine tunes the Laver craft so
that when travelers make their transfer to a < κ-directed closed shuttle, their final destination will
have the desired supercompactness embeddings.
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Definition (see [Ham12]) Let κ be a supercompact cardinal and l its Laver function. The Laver
preparation (also referred to here as the Laver craft) is a Easton support κ-iteration P such that if
Pγ has been defined for γ < κ and l(γ) = Qγ is a Pγ-name for a < κ-directed closed partial order
in V Pγ , then let stage γ be Qγ , and otherwise let stage γ be trivial forcing.

The first main theorem of this presentation is to show that the Laver preparation makes su-
percompactness indestructible by further < κ-directed closed forcing. More precisely, if Q is any
< κ-directed closed forcing, G ⊆ P is V -generic, and g ⊆ Q is V [G]-generic, then κ, assumed
supercompact in V , remains supercompact in V [G][g]. Even more precisely, we will show that for
an arbitrary θ < κ, and a θ-supercompactness embedding with critical point κ in V , there is a
θ-supercompactness embedding with critical point κ in V [G][g] which will ensure the full super-
compactness of κ is preserved. To simplify the notation of the argument let us assume 2θ = θ+ in
the ground model.

Theorem (see [Ham12]) If κ is supercompact, then after forcing with the Laver preparation, the
supercompactness of κ becomes indestructible by any < κ-directed closed forcing.

Proof : (see [Ham12]) Let P be the Laver preparation using κ’s Laver function l
...κ → Vκ. Let

G ⊆ P be V -generic and let Q be any < κ-directed closed forcing in V [G], and a cardinal θ greater
than both κ and |Q|. If g ⊆ Q is V [G]-generic, the argument will show that κ is supercompact in
V [G][g]. Let Q̇ be a P-name for Q in V . Since the size of Q is less than θ, and names are hereditary
in nature, Q̇ ∈ Hθ+

V . Fix a θ-supercompactness embedding j : V →M with critical point κ, with
j(l)(κ) = Q̇ and dom(j(l))∩(κ, θ] = ∅ [Note: you will have to explain why we can restrict j like this
– Menas property – finish writing up all the arguments and then go back and insert a discussion of
the Menas property - maybe you can wave your hands over it at the exam, but you should know
what it is.]

Let’s look now at the M [G] side and consider j(P). Since j is the identity function below critical
point κ, j(P) is just P below stage κ. Since j(l)(κ) is a P-name for a < κ-directed closed partial
order, the stage κ iteration of j(P) is Q̇. And because of the added condition on the domain of
j(l), the next stage after κ is actually beyond θ. Thus, factor j(P) ∼= P ∗ Q̇ ∗ Ptail. Next, using
the Diagonalization criterion we get an M [G][g]-generic filter for Ptail in V [G][g]. Since the forcing
Ptail is the tail of the forcing j(P) past stage θ, it is ≤ θ-closed. By the lifting properties of closure,
since M is closed under θ sequences, M [G][g]θ ⊆M [G][g] [note: please check to see if we are using
theorem 53 or theorem 54 - it is a matter of whether G is M -generic and g is M [G]-generic, the
conclusion is whether or not V [G][g] can see the closure, I think.] Since P has at most κ many
maximal antichains [convince yourself of this!], so does any tail of P and thus Ptail has at most
j(κ) many maximal antichains. As every element of j(κ) can be written as a function from Pκθ to
κ, |j(κ)| ≤ κθ

<κ
= κθ = 2θ = θ+ as counted in V [make sure you understand for the exam what

exactly one means when one says ”as counted in V ” and why it would be counted there as opposed
to somewhere else.] Thus, we have established that M [G][g] is closed under θ sequences, Ptail is
≤ θ-closed in M [G][g] and that Ptail has at most θ+ many maximal antichains in M [G][g] which
are the three criteria needed to diagonalize to get an M [G][g]-generic filter Gtail ⊆ Ptail.

We are about to lift, so notice that j(G) = G ∗ g ∗Gtail implies j”G ⊆ j(G), and now lift j to
j : V [G] → M [j(G)]. Our goal is to lift one more time to find a θ-supercompactness embedding
in V [G][g]. So, towards this, let us consider j(Q), where j is actually a lift of the original j,
since we will continue to call it j. Q is < κ-directed closed in M [G], thus j(Q) is < j(κ)-directed
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closed in M [j(G)]. We also have established that g ∈ M [j(G)], and that j”θ ∈ M [j(G)] since
|Q̇| ≤ θ (M [j(G)] is also closed under θ sequences by the same argument for M [G][g]) and thus
j”g ∈ M [j(G)] [note: in Joel’s written notes he also mentions that j � Q ∈ M [j(G)], but I’m
not sure why I need it, so understand why or why not.] Clearly, we also have j”g ⊆ j(Q). By
elementarity, g a filter implies j”g is directed in j(Q). Also, |j”g| = |g| ≤ |Q| ≤ θ < j(κ), so j”g
is a < j(κ)-directed subset of j(Q) and thus there is a master condition p∗ ∈ j(Q) below every
element of j”g.

Let us discuss, for a moment, the importance of the master condition p∗. Suppose g∗ is M [j(G)]-
generic and p∗ ∈ g∗. If q ∈ j”g then since p∗ lies below every element of j”g, p∗ ≤ q∗. Since p∗ ∈ g∗
and g∗ is a filter, q ∈ g∗. Thus, j”g ⊆ g∗. That is, any filter containing the master condition p∗

will satisfy the pull-back property we need to lift.

We are about to lift again, but first let us diagonalize to produce a M [j(G)]-generic filter
containing p∗ for j(Q). We have already seen that M [j(G)] is closed under θ sequences. Similar
to an earlier argument, we can see that j(Q) has at most θ+ many maximal antichains (making
use of the assumption 2θ = θ+). And we also have j(Q) is ≤ θ-closed [why is this true? i can’t
see it right now...] Thus, in V [G][g] diagonalize to produce g∗ ⊆ j(Q), an M [j(G)]-generic filter
with p∗ ∈ g∗. Now we lift j to j : V [G][g] → M [j(G)][j(g)] in V [G][g], we keep calling it j. This
embedding witnesses that κ is θ-supercompact in V [G][g], as desired. Since θ was arbitrary, κ is as
fully supercompact in V [G][g] as it was in V . �

We can see that the Laver craft indeed will take any traveler of the multiverse to a universe
from where the traveler can then safely travel via < κ-directed closed forcing to any other universe
and find supercompactness preserved. Notice how the Laver function was used in the construction
of the ship. We needed that j(l)(κ) was the name of the arbitrary < κ-directed closed forcing
and we also used that the Laver function has the Menas property [is this the way to say this?],
thus giving the tail filter the proper closure property. The Laver craft has been boarded by many
adventurous set-theorists wanting, for example, to collapse a cardinal to κ while also preserving
the supercompactness of κ. Could it get any better than this ride? Indeed, it can. New technology
developed by Hamkins not only gives explorers the same ride as the Laver craft, and does so in a
more elegant way, but allows travelers to be even more adventurous and preserve even more large
cardinals along the way. This presentation will only focus on preserving supercompactness during
flight, but indeed the Hamkins voyager is safe travel for even more large cardinals including: strong
cardinals and strongly compact cardinals [ask Joel if there are more].

Let us begin to peek into the construction of the Hamkins voyager by understanding the new
technology used to create this strapping machine which replaces the Laver function technology used
to engineer the Laver craft.

Definition : (see [Ham00]) If A is a collection of forcing notions, the lottery sum of A is the
forcing notion ⊕A = {〈Q, p〉 | Q ∈ A and p ∈ Q}∪{1}. The forcing notion is ordered with 1 above
everything else, and 〈Q, p〉 ≤ 〈Q̃, q〉 when Q = Q̃ and p ≤Q q.

Suppose G ⊆ ⊕A is V -generic. Since any two elements of G must be compatible, and any two
compatible conditions in the lottery sum of A have the same poset in the first coordinate, it is
like G chooses one poset in A to branch through. This poset is thought of as the winner of the
lottery as picked by the generic filter. Remember how the Laver function pilgrimed to worlds got to
via < κ-directed closed forcing, by anticipating such forcings via a supercompactness embedding?
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Well, this is exactly what a generic filter for a lottery sum of a given collection of posets is doing; it
essentially surveys the possible worlds and ensures that further travel to those worlds will preserve
supercompactness. This was one of the essential characteristics of the Laver function, that it was
omnipresent. The other needed requirement was that it had the Menas property. In order to
fulfill the second requirement, the lottery preparation will be defined relative to a function with
the Menas property. This is all we need for the Hamkins voyager to safely get travelers to their
desired destinations while preserving supercompactness. So, now let’s see exactly how the Hamkins
voyager was created using this lottery sum in the same way the Laver craft made use of the Laver
function.

In the below definition, a posed Q is allowed at stage γ when for every δ < γ the poset Q is
< δ-strategically closed. To say a poset is < δ-strategically closed means that if two players engage
in a game trying to create a descending sequence of < δ many conditions from the poset, each
successively adding a condition to the chain at their turn, where it is always the second player’s
turn at limit stages, then player II has a winning strategy. It will be important in the following
proofs that < δ-strategically closed implies < δ-distributive [be able to explain why]. And also
that in the list of criteria for diagonalization to get and M -generic filter in V , one can replace the
criterion that the poset be ≤ θ-closed with the criterion that the poset be < θ+-closed. [prove this
exercise 1.4.1 in the book] [Ham00]

Definition (see [Ham00]) [for now this is a direct quote from the paper, see if you can put into

own words later.] The lottery preparation of κ relative to the function f
...κ → κ is the Easton

support κ-iteration which has nontrivial forcing at stage γ only when γ ∈ dom(f) and f”γ ⊆ γ. At
such stages, the forcing Qγ is [a Pγ-name for??] the lottery sum in V Pγ of all posets in H(f(γ)+

which are allowed at stage γ.

The definition of the Lottery preparation does not include that f has the Menas property, but we
will use the lottery preparation defined relative to a function with the Menas property to ensure safe
travel on the Hamkins voyager. Notice the cool design of this rocket which uses the lottery sum to
harvest the already present and abundant resources of generic filters. The lottery preparation is the
blue-print of the Hamkins voyager which safely takes passengers from their home base to a universe
where further travel by a < κ-directed closed forcing (and more) will preserve supercompactness
(and more). Now let’s book a ticket and see for ourselves if the Hamkins voyager can fulfill its
promise. First, a lemma which will be important for the tail forcing on the j-side of the lottery
preparation forcing.

Lemma : If P is a κ length lottery preparation with non-trivial stages occurring beyond stage γ,
then P is ≤ γ-strategically closed.

Proof : For every α > γ which is α-allowed, the lottery sum is < α strategically closed since
each summand is < α strategically closed (since the game will be contained entirely in one of the
summands), it is (a name of a poset which is) ≤ γ-strategically closed. Suppose σα is a name for
the strategy at stage α. Suppose we have a partial play, a descending sequence, 〈pβ|β < γ′〉, γ′ < γ,
where pβ ∈ P so is a sequence of names < ṗβα | γ < α < κ〉. Now, apply the strategies coordinate-
wise to get a strategy σ, where σ(〈pβ | β < γ′〉) =< q̇α | γ < α < κ〉 where 〈q̇α = σα(〈ṗβα | β < γ′〉).
Since each of the strategies σα can negotiate through limit stages up to γ, so can σ and so player
II can win the game for any γ′ < γ.
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Theorem : (Hamkins) If κ is a supercompact cardinal and P is a κ length lottery preparation,
defined relative to a function with the Menas property, with G ⊆ P, V -generic, and Q is an arbitrary
<κ-directed closed forcing with g ⊆ Q, V [G]-generic, then κ is still supercompact in V [G][g].

Proof : Fix any cardinal λ, and let f : κ→ κ be the function from which P was defined with the
Menas property. Let θ ≥ 2λ

<κ
= —TC(Q)— [I don’t understand how to know how big —TC(Q)—

is, maybe it is an assumption on Q?]. Since f has the Menas property, get j : V → M a θ-
supercompactness embedding with j(f)(κ) > θ. Now consider j(P) and particularly what can be
said about the κth stage of this iteration. The κth stage of j(P) will be a lottery sum of posets
including Q, but below a condition which opts for Q, the κth stage of the iteration is just Q (actually
it is a P-name for a poset like Q). Since M and V agree up to κ, below a condition opting for Q at
stage κ, j(P) factors as P∗Q∗Ptail, where Ptail is ≤θ-strategically closed in M [G][g] by the Menas
property and the lemma. Force to add a generic filter Gtail ⊆ Ptail, and in V [G][g][Gtail] lift the
embedding to j : V [G]→M [j(G)] where j(G) = G ∗ g ∗Gtail. By the closure properties of generic
extensions, since M θ ⊆ M , we have M [j(G)]θ ⊆ M [j(G)]. This implies that j”g ∈ M [j(G)] since
—TC(Q)— and hence |Q̇| are less than or equal to θ. Since g is a filter, j”g is directed, and since
Q is <κ-directed closed j(Q) is <|j(κ)| ≤ θ+-directed closed and hence there is a p∗ ∈ j(Q) which
is a master condition for j”g. Any M [j(G)]-generic filter g∗ which contains p∗ will have j”g ⊆ g∗

so we can lift the embedding below p∗ in V [G][g][Gtail][j(g)] to j : V [G][g]→M [j(G)][j(g)] where
j(g) = g∗. The induced λ-supercompactness measure µ, defined by X ∈ µ ⇐⇒ j”λ ∈ j(X), has
size at most θ and therefore could not have been added by the supplementary forcing Gtail ∗ g

∗.
That is, the measure µ must be in V [G][g], witnessing the λ-supercompactness of κ there, as desired.
�

Indeed the Hamkins voyager does what it claims to do, and in a conceptually clear way. So,
we are grateful for the Laver craft and the Hamkins voyager for giving travelers of the multiverse
the option of safe travel for supercompactness. But, is all of this really necessary? Is traversing
the set-theoretic multiverse really so dangerous for preserving supercompactness? Let’s check in
with the couple at the beginning of this adventure who are on their way to their appointment with
the travel agent. They start talking about their plans for the future and about their confidence in
each other and in being able to find each other wherever they go. They start to wonder if perhaps
since they are such a great couple and such skilled travelers, that maybe they are being overly
cautious. Maybe they will always find each other, maybe they will always recognize each other
in any universe and be able to pick up where they left off. Feeling selves-satisfied, they approach
the travel agent with this mind-set and begin the meeting explaining to the travel agent that they
might not need his services afterall. The travel agent smiles, having seen many happy-go-lucky
couples like this in his many years of booking tickets for travel in the multiverse. He then becomes
serious and asks if either of them have seen a slim Kerupa tree in their travels. The woman nods
and explains that she remembers seeing a slim Kerupa tree long ago, before she met the man. The
man shakes his head saying that he does not recall seeing such a tree, but he is a rather competitive
traveler (even with her) and says he wants to see one too! Now the travel agent gives his warning
and tells them that if they go to a universe with a slim Kerupa tree, they will not be able to find
each other there - that they will be so changed that there will not be a way to stoke the fire of their
connection which they are trying to preserve. They see now that indeed they should take caution
in selecting transportation in the multiverse and purchase tickets for the first leg of their adventure
on the Hamkins voyager. Indeed, supercompactness is destroyed when one adds a slim Kerupa tree
as seen in the proof below.
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[below is direct quote from the book, please absorb and then reproduce in your own words]

A κ-tree T is a Kerupa tree if it has at least κ+ many paths. Such a tree is slim if for every
nonzero α, the αth level of T has size at most |α|.

Theorem :(see [Ham12]) A supercompact cardinal κ can never be indestructible by all < κ-
closed forcing. Indeed, even the measurability of κ cannot be indestructible by all < κ-closed
forcing. Specifically, the forcing to add a slim Kerupa tree on κ is < κ-closed, but destroys the
measurablity of κ.

Proof : Let us show first that if κ is measurable, then it has no slim Kerupa tree. Assume towards
contradiction that T is a slim Kerupa tree on κ and that j : V → M is an elementary embedding
with critical point κ. The tree j(T ) in M is an end-extension of T , and every path p through T is
extended by the corresponding path j(p) through j(T ). In particular, every path p through T has
an upper bound on the κth level of j(T ), namely, j(p)(κ). Since there are κ+ many such paths p
through T , and no two of them can have the same upper bound, there must be at least κ+ many
elements on the κth level of j(T ). This contradicts that j(T ) is slim in M .

Now we will show how to add such a tree by forcing. Let Q be the partial order with conditions
〈t, f, g〉, where t is a slim β-tree for some β < κ, f is a function mapping each node p in t to a path
through t extending it, and g is a partial function from κ+ to [t], with |dom(g)| ≤ β. We order the
conditions in the natural way, by end-extending the tree t, by end-extending the paths of f (and
defining f on the new nodes of the larger tree) and by end-extending the paths of g (and allowing
the domain of g to expand). The paths of f guarantee that every node of t lies on a path through
t; in particular, this means that the tree t has many end-extensions. The paths of g will witness
that the resulting κ-tree has κ+ many paths.

The forcing Q is easily seen to be < κ-closed. Given a descending sequence of conditions
〈〈tα, fα, gα〉|α < γ〉, for some γ < κ, one first forms the limit tree t = ∪αtα; next, for each p ∈ tβ,
one takes the limit of fα(p) by defining f(p) = ∪{fα(p)|β ≤ α < γ}; lastly, for each δ ∈ dom(gβ),
define g(δ) = ∪{gα(δ)|β ≤ α < γ}. In short, one simply takes the pointwise limits of all the paths
in the conditions. Since the sequence of conditions was descending in the Q order, these paths all
end-extension each other, and this union provides paths for the limit tree t. The condition 〈t, f, g〉
is therefore stronger than any of the conditions on the sequence.

Next, we argue that Q satisfies the κ+ chain condition. Suppose that A ⊆ Q is a subset of size
κ+. Since κ is inaccessible, there are only κ many β-trees t and functions f : t→ [t]. By shrinking
A if necessary to a subset, therefore, we may assume that all conditions in A have the same t and
f . For a fixed domain of size less than κ, there are fewer than κ many functions g : dom(g)→ [t],
so the set { dom(g)|〈t, f, g〉 ∈ A} is a size κ+ collection of subsets of size less than κ. Thus, by
the ∆-system Lemma, we may assume by shrinking A further that it forms a ∆-system with root
r. Since there are fewer than κ many possible values for g � r : r → [t], we may shrink A to a
subset, still of size κ+, such that all g � r agree for 〈t, f, g〉 ∈ A. Since any two such elements are
compatible, it follows that A is not an antichain, as desired.

Finally, let us argue that forcing with Q adds a slim Kerupa tree on κ. The union of the trees
t in any generic filter for Q is easily seen to be a slim κ-tree T . Furthermore, the pointwise union
of the paths given by g provides a function from κ+ into [T ]. Since generically these paths will
separate, this function is injective, so T has at least κ+ many paths. In summary, T is a slim
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Kerupa tree on κ, and the argument is complete.

Appendix

Definition : (see [Ham12]) A partial order P is < κ-closed if for every γ < κ and every descending
sequence of conditions {pα|α < γ}, there is p∗ ∈ P which is stronger than the sequence. In this
case, P adds no new short sequences relative to κ.

Definition : (see [Ham12]) A subset D of a partial order Q is directed if any two elements of D
have a lower bound in D. The entire set D has a lower bound in Q if there is a condition p ∈ Q
such that p ≤ q for every q ∈ D. The partial order Q is < κ-directed closed if every directed subset
of Q has a lower bound.

Examples of < κ-directed closed forcing:

• The forcing add(κ, 1) to add a Cohen subset to κ,

• the forcing add(κ, θ) to add any number of subsets to κ,

• the forcing add(θ1, θ2) to add any number of subsets to any cardinal θ1 of cofinality
at least κ,

• the forcing coll(κ, θ) to collapse any cardinal to κ,

• the forcing coll(θ1, θ2) to collapse any cardinal θ2 to any cardinal θ1 of cofinality at
least κ, as well as

• suitable iterations of any of these forcing notions and much more.

Definition : (see [Ham12]) A partial order P is ≤ κ-distributive if no new κ-sequences of ordinals
is added by P. If P is separative, this is equivalent to the assertion that the intersection of any κ
many open dense subsets of P remains open dense.

Definition : (see [Ham12]) A partial order P is < δ-strategically closed if player II has a winning
strategy in the game G(P, δ) where the players alternate play in order to build a descending sequence
〈pα|α < δ〉, with the second player playing at limit ordinals. Player II wins a given play as long
as she can continue playing for δ moves without being the first to violate the requirement that the
sequence is descending.

Note 1: (Exercise 1.4.1 [Ham12]) The Diagonalization criterion holds under the assumption only
that P is < θ+-strategically closed, rather than ≤ θ-closed.

Note 2: Here I would like to say which of the above definitions imply each other. For example,
does < κ-directed closed imply < κ-closed? Or visa versa? It seems that directed closed implies
closed, but this can’t be the case because a slim Kerupa tree is closed, but can’t be directed closed
or it would preserve supercompactness after Laver or Lottery preparation. I think closed imples
distributive, but not the other way, but I can’t see clearly and quickly why this is true. How about
strategically closed’s relationship with the other closure properties? [In Joel’s paper he says that
< δ-strategically closed posets are < δ-distributive, so make sure you understand why, it will be
important to ensure the tail forcing is distributive]
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